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Abstract- We study the growth properties of iterated entire functions. Considering entire functions of finite
iterated order we prove some results on the growth properties of generalized iterations. The results improve and

generalize some earlier results.
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1. INTRODUCTION, DEFINITIONS AND
NOTATIONS

To study the growth properties of generalized
iterated entire functions some relevant notations and
definitions are needed. For standard definitions and
notations we refer to [4].

Notation 1.1 [10] Let log!®lt = ¢, exp!®t = t and for
positive integer k, log!lt = log(log*—1t),
exp!¥lt = exp(exp=1t).

Definition 1.2 The order psy and lower order A of a
meromorphic function f is defined as

i logT(r, f)
P = H?—»ioup logr
and
logT(r,f)
Aepy = lim inf ————.
% lrf_)glf logr

If f is an entire function, then one can easily verify
that

, log®! M(r, f)

pep = lim sup =T
and

logl?l M(r,

Definition 1.3 A function A5 (r) is called a lower
proximate order of a meromorphic function f if

(1 A(ry(r) is nonnegative and continuous for
r = 19, Say,

(i) A () is differentiable for r >r, except
possibly at isolated points at which A’z (r — 0) and
A5 (r + 0) exist;

(iii) lim, o Ay (1) = A5y < 0

(iv) lim, o 745y (r) logr = 0

and

. . T(r,
(V) lim inf, o TAE;)Q) =1
Definition 1.4 [1] Let f and g be two entire functions
defined in the open complex plane and c € (0,1].
Then the generalized iterations of f with respect to g
are defined as follows:

fagn(@ =AQ =)z +cf(2)

fep@ = A =agan@ +cf(gan(2)

fe.9(@) = A =)gen (@) +cf(gern(2)

finey@ = (1 = OGuor (@) + ¢f Gn-1.0()

and so are

dan@ =0 -c)z+cg(z)

Jon@ =0 = )f1,e9(@) +cg(fu,q9(2)

9en@ = A =292 +cg(fi2,9)(2)

Io.n@ = (1 = Wfon-1.9@ + ¢g (fin-10 ).
Clearly all f;,4(z) and g, p(z) are entire

functions.

For two non-constant entire functions f(z) and
g(z), itis well known that

logM(r,f(g)) <logMM(r,g),f). (D

Let f(z) and g(z) be any two transcendental
entire functions defined in the open complex plane C.

J. Clunie [3] proved that limrqm% = oo and
lim, ., 2270129 — o |n 1985, Singh [11] proved

T(r.9)
some comparative growth properties of logT(r, f o
g)and T(r, f). After this Lahiri [6] proved some
results on the comparative growth of logT(r,f o

g)and T(r, g).

Recently Lahiri and Datta [7] made a close
investigation on the comparative growth properties of
logT(r,f o g)and T(r,g). They also proved some
results on the comparative growth properties of
loglogT(r,f o g)and T(r,f®). In 2011 Banerjee
and Dutta [2] proved some results on comparative
growth of iterated entire functions which improve
some earlier results.
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In this paper, we study the growth of generalized
iterated entire functions and prove some results which
generalize and improve some earlier results.

2. LEMMAS

Lemma 2.1 [4] Let f be an entire function. For
0 <r <R < o,wehave

T(r,f) <log* M(r,f) < %T(R,f).

Lemma 2.2 [4] Let f and g be two transcendental
entire functions. Then
T(r.f)

T(r.g(f))

- 0 asr — oo,

Lemma 2.3 [8] Let f and g be two entire functions. If
M(r,g) > @Ig(O)I forany 6 > 0, then

T(r, f(9)) < (1 +OTM(r, 9), f).
In particular if g(0)=0, then T(r, f(g)) <
TM(r,g),f)forallr > 0.

Lemma 2.4 [9] Let f and g be two entire functions.
Then we have

T (9 = 5109 M (5 (5,9) + 0D, £).

Lemma 2.5 [5] Let f be an entire function. Then for
k>2,
log I M(r,f)

g™ T(r,f) ~ -

liminf
r—00
Lemma 2.6 [7] Let f be a meromorphic function.

Then for &§(> 0), the function r*"*5=4n™ js an
increasing function of r.

Lemma 2.7 [9] Let f and g be two non-constant
entire functions such that 0 < A < p(s) < % and
0< /1@ < p <. Then for any 6(0<
0 < mln{l(f), A(g)})

log" " T(7, fng))
< (pip + (1 +0(1))logM(r, g)
+ 0(1),when nis even,

log" 1T (r, fing))
< (pgy + O)(1 + 0(1)) log M(r, f)
+ 0(1),whennis odd,
logl"~1 T(r, f(n.g))
r
> (14 0(1)(As) — 6) logM (F,f)

+ 0(1),when n is even,

and

log™™ T (7, fing)) .
> (14 0(1)(Ag) — 6)logM (m'f)

+ 0(1),when n is odd
for all large values of .

Proof. We get from Lemma 2.2, Lemma 2.3 and (1)
for (> 0) and for all large values of r,

T(r. fng))
<T(r.gm1p) + T(rf(9arp)) + O

< (1+o0)T (T:f(g(n—l.f)))
< ZT(M(T, g(n—l,f))'f)

Hence using Definition 1.1 we have

log T(r, f (n,g))
< logT(M(7, gtn-1.p)). f) + O(1)

< (e + 0) log M(r, gn-1,p))
+0(1)

Hence

ogl?! T (7, frng)) < log® M(7, gur,py) +0(1)
< log{log M(r, f(n_z_g)) +log M (r,g(f(n_z‘g)))
+0(M)}+0()

<logllog M(M(r, fin-2)). 9)

+1logM(M(7, fn-24)).9) + 01} + 0(1)
<loglog M(M(r, f(n_z‘g)), g) +0(1)

< (p(g) + 0) 10g M (7, fn—2.0))
+ 0(1)

Therefore

logi*=1! T(r, f(n.g))

< (,D(f) + 9) lOg M(T, g(l,f)) + 0(1)

< (p(r) + O {logM(r,2) +logM(r, g) + 0(1)}
+0(1)

< (p) + 0)(A + 0(1)) log M(r, g)

+ 0(1),when n is even

Similarly,

log" 1T (7, fing))
< (pg + O)(1 + 0(1)) log M(r, f)
+ 0(1),whennis odd

Again for 6 (0 < 6 < min{A(s, A}, we get

from Lemma 2.2 and Lemma 2.4 for all large values
of r
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T(r, f(n,g))
>T(r, f(Gn-15))) — T(r, gn-r,py) + 01

(1+o@)T (r'f(g(n—l,f)))

1 1 r
(1+0(D)3log MM (7, gin-1,n) + 0D, )
=8

v

>(1+01)5 [8 — 9 1f)) + 0(1)]

Acp—0
> (14 0) 3[4 G g0an)| @

So
10g T (7, fing))
> (A - 9)10gM( ' G(n- 1f)) +0(1)
= (Ap) - 9)T( Gary) +OD)
= (l(f) - 9)[ (Zﬂg(f(n—z,g))) -
+0(1)] +0(1)
= (Agp) —9)(1 +0(1))T(  9(fn2g)) + 0(1)

>(Am—9) logM( M( fen-2g) +0(1), 9)
+0(1)

= (A - 9)%[%1‘4 (%'f(n—z.m) + 0(1)]
+0(1)

171 ,r Ag0
2 (4 - 0)3 [§M (E'f(n—z,m)]
+0(1)

(%!f(n—z,‘g))

A0

Therefore

log*~ 1 T(r, £ (n,g))

T
> (A(f) - 9) lOgM (ﬁ,g(lf)) + 0(1)
>(1+ 0(1))(A(f) —0)logM (4n 1,g)

+ 0(1),whenn is even.
Similarly

log*=17(r, f(ng))
> (14 0(1) (A — 6) logM (4n - f)
+ 0(1),whennis odd.

This proves the lemma.

3. THEOREMS

Theorem 3.1 Let f(z) and g(z) be two entire
functions such that 0 <Ay <py <o and
0 <Ay <pg) <o.Thenfor k=0,1,2,3, ...

(i)

y) log™T(r,
29 < jiming 2D 0] o f((f)"g))
P row  logT(r, fH)
logM T(r,
< limsup 29 \wg) ( f(n‘g ))
roe  log T(r, fUO)
< @, when n is even.
A
(i)
a0
Pg) -
log™ T(r,
< liminf2_lwg) (. fong))
row. log T(r,g®)
log™ T(r,
<lim sup—g ( f(n"g))
r—00 log T(T g(k))
< 'D(f) , when n is odd.
(g)

Proof. First suppose that n is even. Then for given
8 (0 < 8 <min{As), A(4)}) we have from Lemma 2.7
for all large values of r,

log" T (r, fing))
< (P +0)(1+0 () logM(r,g)
+0(1)

i.e. log™ T(r, frng) <logP! M(r,g) + 0(1)

Also we know that

®)
liminf, e % = Mo
Now
log™ T (7, logl! M(r,
lim sup & ( f(ng)) < lim sup g (. 9)

Tr—00 Tr—00

log T(r, f®) log T (r, f®)

<l logP! M(r, 9) logr

- lris;lp[ logr log T(r, f)
P

= 2
A

Again from lemma 2.7 we have for all large values of
T!

log™ T (7, fing))
> (A - 0) (1+0(1)) logM (4n 5,9)+0(1)

g -0
> (2 - 6) (14 0) (55 )
+0(1)

i.e. log7(r, fngy) = (A — 6) logr + 0(1).
Also

log T(r, f®) < (p(sy + 6) logr.
Therefore
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log(™ T(r, f(n,g)) - (A(g) — 9) logr + 0(1)
log T (r, f*)) (p() + 6) logr
Since 6 > 0 is arbitrary we get
log™ T (7, fing)) L0 3)
logT(r, f®) = py
Therefore from (2) and (3) we have the result for even
n.
Similarly for odd n we have (ii).
This proves the theorem.
Theorem 3.2 Let f and g be two entire functions such
that 0 <Ay < py <o and py < . Then for
k=0,123,....
logln-1l T(r.f(ng))
T(exp(r),fk))

lim inf

T—00

lim, o =0 for all natural number

n(= 2).
Proof. First suppose n is even. Then by Lemma 2.7
for all sufficiently large values of r and 6 (0 <
0 <Ap)
log™ T (7, fing))
< (pgs) +8) (1+0(1)) logM(r, g)
+0(1),

logM(r,g) < rP@*?

ApH—9
and T(exp(r), f®) > er" "
So

log" 1 T(r, fr ) _
T(exp(r),f®)
Therefore

(py) + O)rP@*®
orn?)

+0(1)

08T fg)
oo T(exp(r), f®) '

Similarly for odd n we have

logi*~1! T(r, f (n.g))
< (p +0)(1+0Q)) logM(r, f)
+0(1),

logM(r, f) < r®P?n*9
So

log"~1] T(T' f(n,g)) <
T(exp(r), f))
Therefore

(peg) +O)r PO
orn?)

+o0(1).

108" 17+, fingy) _
S Wy
T(exp(r), f*)
This proves the theorem.

Remark 3.3 The condition p4y < oo is necessary for

Theorem 3.2 which is shown by the following
example.

Example 3.4 Let f =expz, g=expl¥zand c =1
then

Ay =Py = 1and peg = oo.

Now for even n

3n.
fing) = exp[7] z
Therefore
3n
3T (21, fing) = logM(r,f(n‘g)) = explz Hr
3n
ie. T(r, fng) = sexplz 12
Therefore
- [Z-1-n+1] T
log™ U T(7, frng)) = explz >+ o(1)

= exp[g] g +0(1)
Also when n is odd

3n-1
f(n,g) = exp[ y
Therefore

3n—-1
3TQ27, fing) = logM(7, fing) = expl z Uy

n__1_1] r

. 1 3
l.e. T(T’, f(n,g)) > gexp[ 2 2
Therefore

3n—1 T
g™ U T(7, frng) = exp[T_l_"“] >+ o(1)
=12
= expl 2 > +o0(1)
Also T(exp(r), f®) = %r
Therefore when n is even

log["'l] T(r,f(n‘g))
T(exp(r),f )

and when n is odd

n.
exp[f]£+o(1)
= eT

—> asr - o
T
Ehr
logln—1l T(r.f(ng))  €Xp° 2 z+o(1)

T(exp(r).f) = e’
T

— 00 asSr — 00,
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